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The following theorem is proved. lf aI ,... ak are distinct elements of a group, 
written additively, though not necessarily Abelian, and the sums aiI + ..* -taim , 
l<iIc ... < &, < k do not represent 0, then they represent at least 2k - 1 
distinct elements, and this bound 2k - 1 is attained only when k < 3 or when 
the elements aI ,..., ak generate a dihedral group. 
1 
Let G be a group written additively, though not necessarily Abelian. 
For a sequence S = (ul ,..., ak) of elements of G, define x (S) = z (ul ,..., ak) 
to be the set of all sums uil + Uis + ... + ai* with 1 < i1 < i2 < ... < 
i,,, < k and m > 0. If B is a finite subset of G, let 1 B 1 denote the number of 
elements of B. Eggleton and Erd6s [1] proved that if G is Abelian, and S is 
a sequence of k distinct elements of G with 0 # x (S), then 1 x (S)[ > 2k - 1 
in general, and 1 x (S)j > 2k fork > 4. In this paper, we prove the following: 
THEOREM 1.1. v S = (ul ,..., uJ is u sequence of k distinct elements 
of u group G und 0 6 E (S), then 
(11 I EC9 2 z% - 1. 
(2) If k > 4, then either 1 x (S)l 2 2k or ul ,..., Us generute u dihedruI 
group, possibly injinite. 
The lower bound 2k - 1 in Theorem 1.1 can actually be attained in a 
dihedral group as shown by the following example. Consider the dihedral 
group generated by a and b, where 2u = 0, b + u = u - b, and b has order 
at least k, possibly infinite. Let S = (u, a + b, a + 2b ,..., a + (k - 1) b). 
Then 0 $ z (S) and 1 s (S)/ = 2k - 1. 
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Szemeredi [4) showed that there is an absolute constant c such that 
1 x (S)l 2 ck2 for any sequence S of k distinct elements of an Abelian group 
with 0 $x (S). Olson [3] proved that if T is a set of k distinct elements of an 
arbitrary group, then the elements of T can be arranged into a sequence 
S = (a1 , a2 ,..., atJ such that either 0 o 2 (S) or \ z (S)\ > +kz. The above 
example shows that Szemeredi’s theorem does not carry over to non-Abelian 
groups, i.e., Olson’s result does not extend to a given arrangement of the ai. 
2 
The subgroup of G generated by {gl ,..., g,J C G will be denoted by 
<gl ,..., g,J, and the order of g o G will be denoted by O(g). We require 
the following two theorems: 
THEOREM (Eggleton and Erdos [l]). Let S be a sequence of k distinct 
elements of an Abelian group, such that 0 $x(S). Then 1 z (S)j > 2k - 1, 
and if k 2 4, then 1 x(S)/ > 2k, 
THEOREM (Kemperman and Wehn [2]). Let A and B be finite nonempty 
subsets of a group G. If some element c E A + B has exactly one representation 
asasumc=a+bwitha~A,b~B,then iA+Bj>/Aj+[Bl-1. 
The following proposition is an immediate consequence of the Kemperman- 
Wehn theorem. 
PROPOSITION 2.1. Let S = (aI ,,.., ak) be a sequence of distinct elements 
of a group G with 0 # x (S). Th en f or any positire integer t < k, 1 x (S) 1 > 
I I2 (aI ,..., adI + I lZ (at+l ,..., adI. 
Proo$ 0 has only one representation in [{0} U z (a1 ,..., at)] + 
WI t-J IE h+I ,--y ~J- 
PROPOSITION 2.2. Let S = (aI ,..., aJ be a sequence of elements of a 
group G with 0 6 x(S), and let H = {g E G: z (S) + g = x(S)}. Then 
IIZW >klHl. 
ProoJ Clearly, His a finite subgroup of G. We have 2 (S) + H = z (S). 
Since 0 # z (S), x (S) is a union of nonzero left cosets of H. For I < u < k, 
let cU = & ai. If u < 0, then -cU + cV ox (S), hence -cU + co # H. 
Thus, cl , c2 ,..., ck lie in different left cosets of H, hence [ Z (S)l > k 1 H 1. 
PROPOSITION 2.3. Let S = (aI ,..., a,J be a sequence of k > 2 distinct 
elements of a group G with 0 6 x(S), and 1 x(S)\ < 2k. Zf 1 X (a$, ai+l ,..., 
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ProoJ Suppose <ul ,..., u& + {Go, u&, so k > 3. Let t be the smallest 
index such that CZ~ 6 (aI , a&. We have 3 < f < k. Then x (al ,..., utm,), 
IZ (6 ,..., 4-l) + Of 2 and {atI are disjoint, hence 1 x (ul ,..., u~)I ~5 
2 I 2 (4 ,-., u~-~)\ + 1 > 4t - 5. lf t =T. k, this contradicts the hypothesis, 
for with k 2 3 it implies 1 x (S)i > 2k. So suppose f < k. Then by Propo- 
sition 2.1, 1 1 (S)l > 4t - 5 + ~ z (u~,~~ ,..., aJ\ > 2k + 2t - 6 22 2k, con- 
trary to hypothesis. This proves <ul ,..., ~~1, = (Q~ , uz). A simiIar argument 
gives the second equality. 
Theorem I. 1 will now follow from the following proposition. Its proof, 
which involves looking at a number of separate cases, may be found in [5]. 
PROPOSITION 2.4. Let S = (ul ,..., Us) be a sequence of distinct elements 
of a group G with 0 6 x(S) and 4 <. k < 7. Then either 1 z(S)\ > 2k or 
<aI ,..., u& is u dihedrul group. 
To prove statement (I) of Theorem I .I, we proceed by induction on k. 
The assertion is obvious for k = 1, 2. Suppose k = 3. Let A = 2 (ol , Us). 
1 A 1 = 3, so Proposition 2.2 implies A + uz # A. If /(A + u&\A 1 > 2, 
we are finished, so now assume \(A + aJ\A 1 = 1. Now 0 6 A gives 
as $ A + u8 hence if as $ A, then 1 x (S)\A 1 > 2, and the result hoIds. So 
now assume us E A; thus aa = aI + uz . We shall show that this leads to 
a contradiction. Since as $ A + ax and I(,4 + uJ”,,4 1 = I, it follows that 
i aI , uz} C A +- us . Hence u1 = a2 + as , and Us = u1 + uz + us since 
0 # A + ax ensures 2~7~ # 0. Thus uz = 2aa and aI = 3as . But as := ul +- 
a2 = 5~~ shows 4~~ = 0, whence a 1 + us = 0 E x (S), contrary to hypothesis. 
We may now assume that k 2 4, and that the result holds for all sequences 
of length less than k. We may assume (aI ,..., u& = <ul , a&, since otherwise, 
by Proposition 2.3, 1 x (S)[ 2 2k. By Proposition 2.4, either (ul, a& is a 
dihedral group or 1 x (al , a2 , us , Us )I 2 8. In the latter case, the result 
follows by Proposition 2.1 and induction. Therefore, assume that u1 ,..., u,: 
are elements of a dihedral group generated by, say, a and b with O(a) = 2, 
O(b) > 3. If 2ai # 0 for 1 < i < I?, then aI ,..., Us E (b), and the result follows 
by the Eggleton-Erd6s theorem. Thus we assume 2ai = 0 for some i. Suppose 
i = k. Let B = x (ul ,..., akml). If B + ak = B, then by Proposition 2.2, 
1 B ~ 2 2k - 2. If bl , bz ,..., b* are the distinct elements of B, then 
u/c, b i- Qk, bz + uk >..., bQ + ok are distinct elements of x (S), so : z (S)j > 
q + 1 > 2k - 1. Thus we may assume /(B + ak)\B 1 > I. But O(alC) = 2, 
0 $6 x (5’) give ak .$ B, ak $ B+ @, so 1 x (S)\B 1 > 2, and we are finished, since 
1 B 1 > 2k - 2. Therefore, we may assume i # k, and similarly, i # I. 
In this case, since {O] u z (S) = [{O] u z (a1 ,..., ui)] + x (a< ,..., ak) and 0 
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has only one representation in this sum, induction and the Kemperman- 
Wehn theorem give 1 x (u r ,..., CZ~)~ > 2k - I, and we are finished. 
To prove statement (2) of Theorem 1.1 we may, by Proposition 2.4, take 
k 2 8. An argument similar to the proof of Proposition 2.3 shows that if 
I Z (s)l c 2k, then (ur ,..., CZ~) is generated by any three consecutive elements 
in gI ,..., uIC , hence by Proposition 2.4, we may assume that for any sub- 
sequence T of length m = 4, 5, 6, or 7 of consecutive elements, we have 
1 Z (r)j > 2n1. Since k > 8, ur ,..., ak may be partitioned into r > 2 con- 
secutive blocks Tl, Tz ,..., Tr, where the first r - 1 blocks have length 4, 
and the last has length 4, 5, 6, or 7. Then applying the Kemperman-Wehn 
theorem r-l times in WI LJ ZE Vdl + HW u IL V’211 + s-e + 
[{Oj u x (TT)] gives 1 2 (,S’)i > 2k, and this completes the proof. 
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